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A GEOMETRIC CHARACTERIZATION
OF NEGATIVELY CURVED LOCALLY
SYMMETRIC SPACES

URSULA HAMENSTADT

Introduction

Let M be a compact connected Riemannian manifold of nonpositive
sectional curvature. In [1]-[3] the rank of M is defined as follows: For
v € T'M let the rank of v be the dimension of the vector space of parallel
Jacobi fields along the geodesic p, with initial velocity v, and let rank(M)
be the infimum of the rank of the elements of T M. Ballmann, Brin,
Eberlein, and Spatzier showed [1]-[3] (compare, also [5], [6]) that if M is
irreducible (i.e., the de Rham decomposition of the universal covering of
M is trivial), and rank(M) > 2, then M is locally symmetric of higher
rank.

As the rank of M measures its flatness, we can define a notion of
rank for general manifolds of nonpositive curvature which measures the
distribution of the curvature maximum in the following way: Let —a*<0
be the maximum of the curvature of M . For an element v of the unit
tangent bundle T'M of M define the hyperbolic rank of v to be the
dimension of the vector space of parallel vector fields J along the geodesic
7, With initial velocity y;(O) = v with the following properties:

(1) J is orthogonal to the tangent of y, .

(2) For every ¢t € R the curvature of the plane spanned by y;(t) and
J(?) equals —a’.

Let the hyperbolic rank h-rank(M) of M be the minimum of the hy-
perbolic ranks of the vectors v € T 1A, 1t is not difficult to see that
rank(M) = h-rank(M) + 1 for manifolds with curvature maximum O.

With this notion of rank the result of Ballmann, Brin, Eberlein, and
Spatzier holds for every manifold of nonpositive curvature:

Theorem. If h-rank(M) > 0 and M is irreducible, then M is locally
symmetric.
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The purpose of this paper is to provide the proof of the above theorem
in the case a > 0. By rescaling the metric of M we may thus assume
that the maximum of the curvature K equals —1. The idea of proof is
to show that the universal covering M of M is homogeneous. Since M
admits a compact quotient, this implies by a result of Heintze [10] that
M is symmetric, and hence M is locally symmetric.

The organization of the paper is as follows: In §1 we recall from [9]
the definition and basic properties of a family of distances which are de-
fined on (the complement of one point of) the ideal boundary oM of
the universal covering M of M. We show that these distances define a
class of rectifiable curves on M . In §2 we define a distribution E' on
an open subset of the unit tangent bundle T'M of M , which is invari-
ant under the geodesic flow and tangent to the strong unstable foliation
W of T'M. We show that curves which are tangent to E' give rise
to rectifiable curves on M . §3 is devoted to the investigation of the
space of rectifiable curves in M . This is used in §4 to show that the
distribution E’ generates the whole tangent bundle of the foliation W**
In §5 we study the Carnot-Carathéodory metrics on the leaves of W*"
which are induced by fg' . These metrics give rise 1o a generalized con-
formal structure on M whose associated group G of 1-quasiconformal
transformatlons is investigated in §6. In §7 we show that G acts transi-
tively on T'M asa topological transformation group commuting with the
geodes1c ﬂow These transformations preserve the fibers of the fibration
T M- M and hence G acts as a group of isometries transitively on
M ie., M is homogeneous.

We assume that our methods can also be used to show the analogous
result for manifolds of finite volume, but we did not check this.

Before we proceed it will be useful to fix some notation which will be
used throughout the paper (for definitions see [4], [12]). M denotes an
(m+ 1)-dimensional compact connected Riemannian manifold of negative
curvature —oo < —b? </K < ~1 < 0 and fundamental group r.

The geodesic flow ®' acts on the unit it tangent bundle T'M (resp. T'M )

of M (resp. the universal covering Mof M ). T'M admits foliations
w*, wt lvhmh are invariant under @' and the action of the isometry
group of M on T'M . The leaves of W™ (resp. W") are called the strong
unstable (resp. unstable) manifolds of T M.

For v € T'M let 7, be the geodesic line in M with initial direc-
tion y;(O) = v. v also determines a Busemann function 6, at the
point y (—oo) of the ideal boundary M of M, which is normalized
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by 6,(y,(0)) = 0. The leaf of W" containing v then consists of all
w € T'M such that Y (—00) = »,(—00). Thus every ¢ € OM determines
a unique leaf W*(&) of the foliation W*. The restriction of the canonical
projection P: T'M — M maps W*(&) diffeomorphically onto A .

The horosphere 0, '(f)y (+ € R) is the image under P of the leaf
W (®'v) of W™ containing ®'v. The restriction of the Riemann-

ian metric of M to 0, 1(t) induces a distance d, . on 6, 1(t). Let

T, MuoM - Y, (—00) — Gv (f) be the projection along the geodesics
which are asymptotic to y,(~o0). Clearly 6,, = 6, and n, ,=m=, , for
all w e W™ (v) and all ¢ € R.

Finally denote by d the distance on M induced by the Riemannian
metric.

1. A class of distances of M

Choose v € T1A7, R > 0, and define
a(x,y)=sup{t e R| a’v,t(nv’z(x) , T, (y)) < R}

and nv,R(x,y)=e_°'(x’y) for x ye@]\? 7y(=00). Then 1, p =1, p
for all w € W*(v), g, g = env g forall t € R, and g, =
My g © %! for each isometry ¥ of M (recall that the isometries of M
act on M in a natural way). Moreover (Corollary 3 of [9]) we have

Lemmall. n, z:(x,y)—>n, x(x,y) isadistanceon OM -y, (—o0).

1, g depends on the choice of R > 0 in the following way (Corollary
2 of [9])

Lemma 12. If0<r<R, then n, o <m, <R/, .

Write 5, = 7, ;. We want to show that the family of n,-rectifiable
curves in @M does not depend on v . For this define B, (x,e)={y e

oM — P,(—00) | n,(x,y) <e} for x € oM — 7,(—oc0) and & > 0. Thus
B,7 (x, €) is the projection in OM of the open ball of radius 1 about

Ty tog1/eX 1N @, (logl/e) v, log1/e) - Define a function ¢: R — R by

o(s)= e + (4sinhs)/b. o is continuous and ¢(0) = 1.
Lemmal3. Letv, we T'M,andlet AC OM —{y,(=00), ¥, (—00)}
be compact. Assume that there is 6 >0 and t € R such that
d(n, (v),m, (v)<d forallyeA.

If B, (x,r) C A for some x € 4 and r € (0,e™") then n,(y, z) <
(6);1v(y z) forall'y,z € B, (x r/3).
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Proof. Let y,z € B,,v(x, r/3) and n,(y, z) = €. Since #, is a dis-
tance, and 7,(x, y) <r/3,and n,(x, z) <r/3,wehave z € B,,u(y, %r) C
A and ¢ =log(l/e) > t. By the definition of #, there is a smooth curve
¢ I — nv’t(B%(y, 2r)) such that ¢(0) = =, ), 8(1) ==, (2), and
that the length of ¢ equals 1. Since for every u € oM = {y,(=00),
Yw(—o0)} the function ¢ — d(=, (u), =, (4)) is decreasing, o(I) is
contained in the J-neighborhood of 6, 1(t) . Now the operator norm of
the restriction of the projection T, o, 10 the d-neighborhood of H_I(t) is

not larger than e ; hence the length of 7, , 0@ does not exceed e

On the other hand, d(nv,t(y) s Ty (V) < 5 implies

dx, ,om, (), 7, () <20
(Lemma 9 of [9]). By the estimates in [11] this yields

w t(nw : © ﬂv t(y) w, t(t)) < ESIIlhd

ie., d, (m, (), =, (2)) < e” + #sinhd = o(d) and M. o5V 2) <
=n,(¥, z). The lemma now follows from Lemma 1.2.

Corollary 14. Let v,w € T'M, x € 0M - {r,(=00), 7, (=0)},
and 6 be a Busemann function at x. If s = 6(m, o(x)) — 0(m,, o(x))
then there is for every ¢ > O a neighborhood A of x in M such that
(1-e),(v, 2) <e'n,(v, 2) < (L+e)m,(v, 2) forall y, z € 4.

Proof. Since 5, = n; forall 7 € W™ (v), we may assume that y,(c0) =
7, (00) = X . Moreover gy, = e’nw for all ¢+ € R shows that it suffices
to consider the case 6_ (Pw) = 0 which means d(P®'v, PO'w) — 0
(t = ). For ¢ >0 choose J > 0 sufficiently small such that ¢(d) <
min{14¢, 1/(1—¢)}. Thereis a number 7 € R such that d(P®'v, P®'w)
< /3 forall ¢t > 7. Define

A={y €M |max{d(n, (y), PO'v),d(n, (), PO'w)} <J/3}.
A is an open neighborhood of x in M and if y € A then
d(ny -[(y)’ T ,-[(y)) < 5'

Choose r € (0, e ") such that B, (x r)UB, (x ry C A and let 4 =
B, (x, r/3)ﬂB (x,r/3). By 1.3, A has the requlred property.

Corollary 1.5. For v, w € T'M every curve
9: 1= 3M\{y,(~o0), 7, (~o0)}



GEOMETRIC CHARACTERIZATION OF LOCALLY SYMMETRIC SPACES 197

is rectifiable with respect to n, if and only if it is rectifiable with respect to
nw ‘

By 1.5 we can call a curve p: I — M n-rectifiable if ¢ is rectifiable
with respect to some and hence any distance 7, with y,(—oc) ¢ o(I).

Corollary 1.6. 7, > dv,o°”v,o§ in particular, the projection into 6 1(0)
of a n-rectifiable curve ¢: 1 — oM \{y,(—o0)} is rectifiable with respect
tod,,.

The corollary follows from the comparison with the hyperbolic plane of
constant curvature —1 (see [9]).

2. The distinguished distribution

The differential of the projection P: T'M — M maps the tangent
space at v € T'M of the strong unstable manifold W*(v) containing
v isomorphically onto the orthogonal complement v™ of v in T, M.

Let R be the curvature tensor of M ; then the restriction to v’ of the
operator R, : w — R(v, w)v is a self-adjoint automorphism of v’ whose
eigenvalues are not bigger than —1. For p > 0 define E (v) = {dPX €
v | X € T,W*(v), Ry, dPAD'X = —dPd®'X for all ¢ € [0, p]}.
E (v) is the eigenspace of R, with respect to the eigenvalue —1 and
E(v) = )50 E,(v) is a linear subspace of v, Let Q: M — M be the
canonical projection and let Ep(dQ'v) = dQEp(v) (v e T'M, p>0),
resp. E(dQu)=dQE(v).

For ve€ T'M and wev™ let t — A(v, t)w be the Jacobi field along
the geodesic y, through A(v, O)w = w which vanishes asymptotically
at —oo, l.e., satisfies A(v,)w - 0 (t - —oc). Then w — Av, Hw
is an isomorphism of v> onto (<I>t'v)l which maps E(v) into E(®'v)
for t > 0. If p: T'M — M denotes the canonical projection, then
A, t)dpX = dpd®'X for every X € T,W™(v).

Let |[,: TPUM — qu,,UM be the parallel transport along the geodesic
7, and let k = min{dimE(w) | w € TIM} . Then we have

Lemma 2.1. k = h-rank(M); in particular, A(v, Hw = €'||w for
every ve T'M with dim E(v) = k and every w € E(v).

Proof Let v € T'M; then there is an A- rank(v)-dimensional sub-
space 4 of v™ such that for every w € A we have Ry (llw) = —|l,w
for all ¢+ € R. Define J (1) = et(]|zw); clearly J, is a Jacobi field
along y, which satisfies J, (¢) € E(®'v) for all ¢+ € R. This means
dim E(v) > h-rank(v) and consequently k > h-rank(M).
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To show k < h-rank(M) let v € T'M be such that dimE(v) = k.
For w € E(v) the assignment ¢ — W(t) = A(v, t)w is a Jacobi field along
Yy With Ry (f) = —w(t) for all ¢ € [0, co). The differential equation

for Jacobi fields shows that for ¢ > 0, W is a solution of the differential
equation

(*) w'(t) —w(t) =0,

where @’ means covariant derivative. Every solution of this equation is
determined by its initial conditions w, = @(0) and w, = '(0), and can
be written as w(¢) = cosh ¢||,w, + sinh ||, w, .
Now A(® ‘v, {)E(® "v) is contained in E(v) for every ¢ > 0. This
implies
AD ‘v, HE@ 'v) = E(v),

since dimE(v) = k = min{dimE(w) | w € T'M }. In particular, the
Jacobi field ¢ — A(v, t)w is a solution of (x) for every ¢ € R.
Suppose w, = w, + @ for some 4 € R and W € W, . Then
2
I

16 (2)]* = (cosh + Asinh £)*||w,)® + sinh® 7@ .

Since ||lw(?)]| = 0 (¢t —» —0), this shows W =0 and A =1, ie,
(%) w(t) = cosht||,w, + sinh ¢||,w,.

Thus A-rank(v) > k which is the claim.

Remark 2.2. If dimE(v) = k, then A(v,t) maps the orthogonal
complement of E(v) in v® isomorphically onto E(<I>tv)l c (@'v)*:
For let ¢ — e(t) be a parallel vector field along the geodesic y,: ¢ — POy
such that e(0) € E(v), and let 1 be any Jacobi field along y,. Then
a’z/dtz(e(t), W(t)) = ~(e(t), Ry, W(t)). Since Ry, is self-adjoint and
e(?) is an eigenvector of Ry, with respect to the eigenvalue —1, the map
R4y, preserves the orthogonal complement of E (<I>tv) . Thus the function
- t—{e(t), w(t)) satisfies the differential equation (x).

For w ¢ E(v)l, w:t — A(v, Hhyw is a Jacobi field along y, which
satisfies (e(0), w(0)) =0. Then (%) shows

(e(t), w(1)) = (e(0), w'(0)) sinh .

But |[1(t)|| — 0 (t — —oo) which is only possible if ('(0), e(0)) =0,
re., if (e(?), w(?))=0 forall tcR.

Since for v € T' M the restriction of dp to the tangent space 7 W™ (v)
CTT'M of W (v) at v is an isomorphism onto v, the spaces E p(v)
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(p > 0) (resp. E(v)), have a unique lift to subspaces E/',(v) (resp. E'(v))
of TW™®(v). The definition of A(v, ) shows d®'E'(v) c E'(®'v) for
all 1>0.

Lemma23. D={we T'M | dim E(w) = k} is an open ®'-invariant
subset of T'M .

Proof. Choose v € T'M such that dimE(v) = k. Now E (v) is

a linear subspace of the finite-dimensional vector space v~ and E p(v) D
E_(v) if p < 7. This implies that there is p > 0 such that E(v) = E,(v).

The assignment v — TW"(v) is a continuous vector bundle over T "M,
and for every ¢ > 0 the map w € TW*(v) — Ry, dpd®'w € ((Dt’l))'L is
continuous. Since by definition

EI

,(v) = N {weTW"@)|Ry,dpd®'w = —dpd®'w},

t€l0, pl

this yields that the set {E,(v) | v € T'M} is closed in TT'M. In
particular, there is an open neighborhood U of v in T "M such that
dim E (w) < k = dimE)(v) forall we U, ie, UcC D, and D is open.
The ®'-invariance of D is clear from the definition of E .

Corollary 2.4. There is an open ®'-invariant subset Q of T "M such
that v — E'(v) is a smooth k-dimensional distribution on Q.

Proof. Recall (see [12]) that the tangent bundle TT M of T'M ad-
mits a decomposition T T'M = T' o T" © T' into smooth subbundles
as follows: T' is tangent to the flow lines of the geodesic flow on T 'M.
The vertical bundle T" is tangent to the fiber of 7'M — M. T " s
the subbundle of the horizontal bundle with the property that for every
we T'M the fiber T i‘} of T® over w is mapped by dp isomorphically
onto w> C TM . The decomposition TT'M = T' & ( ™o TY) is invari-
ant under the geodesic flow, ie., (T" & T") gy = dD'( ™g T"), for all
weT'M.

For uc T"® T write u = u® +«', where «" ¢ T*, ' e T".
Now for every w € T'M there is a canonical isomorphism A of the
fiber T, of the bundle T at w with wh C T,,M. For t € R define
A(w)={uc T"a T dp(d(Dtu)h = A(dd'u)"'}. A, = Uyer iy 4,(w) is
a smooth m-dimensional vector bundle over T'M .

We showed in 2.1 that E'(w) = (\,5¢4,(w) for all w € D. As-
sume that the curvature of M is not constant, i.e., kK < m = dim4,.
Then there is v > 0 such that A4 (v) # A4,(v) for some v € D.
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Let ¢ = min{dim(4y,(w) N4 (w)) | w € D} < m. Since D is open and
AyN A, is closed in TT'M , there is an open subset U of D such that
dim(A4 (w) N A (w)) =q forall we U . But this implies that the restric-
tion of 4,N A, to U is a smooth vector bundle on U . Repeating this
argument at most m — k — 1 times we find an open subset U of D such
that the restriction of E' to U is a smooth k-dimensional vector bundle.
Since E’ is invariant under the geodesic flow, E’ is then a smooth bundle
over an open ®'-invariant subset Q of D. q.e.d.

Let Q c T'M be the preimage of Q under the restriction of 4@ to
T'M . E’ lifts to a smooth distribution £ on € which is tangent to the
strong unstable foliation.

Let v € Q and let p:1 — Q be a curve through ¢(0) = v which is
tangent to E. Then Py is a curve on the horosphere 6, 1(0) such that
(Pp) (t) € E(p(t)) forall tel.

Lemma 2.5. 7, oPog isan n rectifiable curve in oM.

Proof. Assume without loss of generality that Pop C 6, ! (0) is param-
etrized proportional to arc length with respect to dv,O . Then thereis a >0
such that d, (Po(t), Po(t+¢)) < ag forall ¢ >0, t€[0, 1 —¢]. Let
s > 0; by the definition of E the length of 7z, ;oPog on 6, 1(s) equals
e'a, ie., Pp(I) can be covered by ~ e'a balls of radius e °/2 with
respect to the distance 7, . This means that the 7 -length of =, o Pog
does not exceed a.

3. n-rectifiable curves in oM

In this section we investigate the x-rectifiable curves in oM . Tt follows
from 2.5 that the space of these curves is not empty. .

Let ¢: I — M be an n-rectifiable curve. For v € T'M with ¥, (—~00)
¢ ¢(I) there is a unique curve g: I —» W™ (v) such that ¢(s) ==z, o
Pop(s) forall sel. Since by 1.6 m, jon, >d, o, @ is rectifiable as a
curve in the Riemannian manifold W™ (v), is hence differentiable almost
everywhere.

Recall that a point w € T'M is called recurrent if for every neighbor-
hood U of w the orbit t — ®'w (f € [0, o)) meets U infinitely often.
The Birkhoff ergodic theorem implies that with respect to the Lebesgue
measture almost every w € T'M is recurrent.

The purpose of this section is to show
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Proposition 3.1. If dQw(s) is recurrent for almost every s € I then
(P®) (s) € E(@(s)) for almost every s€I.

For the proof of 3.1 we need the following preparations.

Lemma 3.2. If dimEp(v) < g for some v € T'M, and p,qg >0,

then there is a neighborhood U of v in T'M and ¢ > 0 such that for
all w e U and every g-dimensional subspace A of w™ the determinant
of the restriction to A of the map A(w, p) is not smaller than e*”(1+e).

Proof. For w € v write W(f) = A(v, t)w . Since the curvature of M
does not exceed —1, it follows that |lw(¢)|| > ' *|jw(s)|| for all s >0,
't > s, where | is the norm associated to the Riemannian metric of M
(see [11]). In particular,

. . . d, . .
(W), W () /1w ()] = prid Q] ll(0)le”,
and the determinant of the restriction of A(v, ¢) to any g-dimensional
subspace A of v™ is not smaller than e?. Moreover, Alv,t+s) =
A(@'v, t)A(v, s) shows

4 der(Aw, 11.4),00 > ge”

Choose a g-dimensional subspace A4 of vt with the property that
det(A(v, p) | 4) is less than or equal to the determinant of A(v, p) re-
stricted to any other g-dimensional subspace of v . Since dimE (V) <
g, there is 7 < p such that A(v, 1)4d =4 ¢ Ey (D).

Let w,, -, w, be an orthonormal basis of 4, and let e(t), -, eq(t)
be parallel vector fields along the geodesic , such that e,(0) = w,. Then
forall s >0

det(A(@"v, s) | 4) > [J(e;(z +5), wWy(s)),
where W,(s) = A(®"v, s)w,. Hence,

d T -
s det(A(P v, s) | 4),_,

{e,(s), Yoo (e;(8), Wi(s)) -+ (e (8), Wo($))smg>

[0 M-u

and this sum is not smaller than ¢ . The differential equation for Jacobi
fields shows

d’ : -
Fdet(A(d) v, )| )y > —1)+Z R(®'v, w,)®v).
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Since 4 ¢ E,(®'v) and since the eigenvalues of the map Ry, are not
larger than —1, it follows

4 et(A(@" 4 2
R et(A(Pv,$) | A)o>4q",
which together with A(v, 7+ 5) = A(®'v, s)A(v, 1) and the above con-
siderations implies that det(A(v, p) | 4) = e?’(1 + 2¢) for some ¢ > 0.
By continuity there is then a compact neighborhood U of v in T'M as
claimed in the lemma. q.e.d.

Assume ¢: 1 — OM satisfies the assumptions of 3.1. For s € I let
Lip(s) be the local dilation at s of the map ¢ with respect to the distance
1, - Then almost every s € I has the following properties:

(i) Lip(s) < o0.
(ii) The differential 3’'(s) of @ at s exists.

(iii)) dQ(@(s)) is recurrent.

Thus 3.1 follows from 5

Lemma 3.3. If s € I satisfies (i)-(iii), then @'(s) € E(¢p(s)).

Proof. Assume s € I satisfies (i)—(iii), let w = dQ@(s), and choose
p >0 such that E(w)=E p(w) . By 3.2 there is a compact neighborhood
U of w in T'M and ¢ > 0 such that for all » € U and every (k + 1)-
dimensional subspace 4 of u", the determinant of the restriction to A
of the map A(u, p) is not smaller than e**V7(] +¢).

Assume (P9)'(s) ¢ E(@(s)); in particular, g'(s) # 0, andlet 4 Cc w*
be the linear hull of E(w) and the projection dQ(P) (s) of (P®) (s)
into TM. Let dy = d, ,; since §'(s) # 0 and Lip(s) < oo, there
are numbers ¢ > 0, v € (0, 1) such that d(Po(s), Po(s + 1)) > vt
and 7,(¢(s), p(s + 1)) < t/v forall ¢t < g, ie., dy(PP(s), PP(s+1)) >
v, (9(s), p(s +1)).

Denote aga_in by ||,: (CI>’w)l — w™ the parallel transport along the
geodesic s — @ *w in M. Since w is recurrent, there are numbers
{t,} €R such that ¢, , > ¢,+ p and ®Yw € U. The choice of U then
implies that the determinant of the map ||_, A(w, ¢;) | 4 is not smaller

) ]
than e®*V4(1 + &Y.

However ||_,A(w, t)u = e‘u forevery u € E(w) and ¢ >0 by 2.1, and
|_,A(w, t) leaves the orthogonal complement E(w)l of E(w) invariant.
Thus if e € AN E(w)", then e ' det||_,A(w, )| A= 4, is the norm of

the vector ||_,A(w, f)e and 4, > e'(1+ a)j by the choice of 7;.
7
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Now the projection of P@’(s) into TM equals ae + & for some ée
E(w) and some a # 0. Choose j € Z such that ¢, > 1 and (1+¢)™ <

1/2]a|/4||ae + é||, and denote by exp the exponential map at 7, ¢(s) on
J

the horosphere 6 ! (t j) with respect to the induced Riemannian structure.
The above arguments show that the norm of (nt.(p)'(s) is not smaller
J

than |ald, > 4etf]|P¢’(s)||/z/2 > 1; thus if f# € (0, 1] is such that u =
ﬂ(nt_(p)'(s) is a unit vector in the tangent space of 6, 1(tj) at @, ¢(s), then

ldn, u| < e~'v?/4, and there is 7, € (0, o) such that ||dmy4 exprul| <
e~ */2 and
d, ,(exptu, n, p(s+18)) < 1/21/4

v, ¢

forall 7 < (T Thus

d, (7, 9(s+7,B), o, () > T6(1-v"/4),
which implies that

1, (9(s +7,8), 9(s)) > e ity(1 - 17 /4).
On the other hand,

dy(my9(s), exp tou) + dy(myexp 1y, myo(s + 748)) < e_tf3z/210/4.

Since 7, < o, |B] £ 1, and v < 1, this contradicts the fact that

dy(moo(s), myp(s + 1)) > 1/271,0((0(5‘) ,9(s+1¢)) for all ¢t < ¢ and finishes
the proof of the lemma.

4. The foliation on M

By 2.5 the assignment E':w — E'(w) is a smooth k-dimensional
distribution on Q ¢ T'M . Thus for w € Q and i > 1 we can consider
the vector space E;(w) c TW*™(w) which is spanned by E'(w) and the
values at w of the commutators up to order i of the vector fields which
are tangent to E’. Since the dimension of E;(w) is locally nondecreasing,
there is an open subset U of Q such that the dimension of E,’ is constant
on U for every i € {1, ---,m}. In particular, E;n is an integrable
distribution on U (recall m = dim W*™). Now E’ is invariant under
the geodesic flow on T "M , hence the same is true for E: . Thus, by the
ergodicity of the geodesic flow, Ez’ are smooth distributions on an open
subset of Q of full measure which we may identify (by abuse of notation)
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with Q. Let Q be the lift of Q to T'M. E, lifts to a distribution on
Q which we denote by Ei .

Lemma4.1. Let D be an open ®'-invariant subset of T'M. IfveD,
and —v is recurrent, then the whole strong unstable manifold W* (v) is
contained in D.

Proof. Given © € T'M , the distance d; o on the horosphere PW* ()
lifts to a distance d, on W®' (7). These distances are clearly invariant
under the action of the isometry group of M on T'M, hence they project
to distances d, on W™ (v) (ve T'M).

For v € D there is a neighborhood U of v in D and & > 0 such that
for all w € U the é-neighborhood of w in (W™ (w), d,) is contained
in D. If —v is recurrent, there are numbers t; € R such that t; -
—oo and ®%v € U. This implies that the g-neighborhood of ®%v in
W*(@'iv, dyy;,) is contained in D.

By the choice of the distances d,, the image under @~ of W*(®'v)n
D contains the e “g-neighborhood of v in (W™(v), d,). Since D is
invariant under the geodesic flow, this shows W™ (v) c D. q.e.d.

 Define Q = {v € Q| dQ(w) and dQ(—w) are recurrent for almost
every w € W*(v)} (with respect to the Lebesgue measure on W™ (v)).
Since the strong unstable foliation is absolutely continuous with respect
to the Lebesgue measure (see [14]), Q is a subset of Q of full measure
which is invariant under the action of I" and the geodesic flow. Lemma
4.1 shows W™ (v) ¢ Q for every v € Q; in particular, the distribution
E_ is defined on all of W*(v). Thus the maximal integral manifolds of

Em induce a smooth foliation of W*™(v) which projects to a foliation 5,

of 6,'(0).

Lemma4.2. Let v,w e Q andlet p:1— 6, 1(0) be a smooth curve
which is tangent to E,, and such that y,(-c) ¢ =,  o(I). Then &, oo
M, .9 is contained in a leaf of §,, .

Proof. Without loss of generality we may assume that the map ¢: I —
6, l(O) is an embedding. Then there is an open neighborhood U of ¢(7)
in 0;1(0) and local coordinates (xl, e, XM U - (=2,2)" on U
with the following properties:

() 7, U Bv,(—).

(ii) x'(9(0)) =0 for ie{l, . -, m}.
(i1i) The local vector field 8/dx, is tangent to E, .
(iv) ¢ is an integral curve of 9/dx, .
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Let 4,, be the Lebesgue measure on the Riemannian manifold 6, ! (0).
Recall that the m-dimensional modulus M, (¥) of a family ¥ of rectifi-
able nontrivial curves in 6, '(0) is the infimum of all integrals [p"di",
where p runs through the family of all nonnegative Borel functions on
6, '(0) with the property that fvr p>1 forevery weW¥.

Identify U with (-2, 2)" via the coordinates (x',---,x™). Let
I" ' =(=1, 1" cR™!, and for x € I"™! denote by ¢(x) the curve
t — (t,x) on 6,'(0). Then for every open subset B of I"™' the m-
dimensional modulus of the path family ¥, = {¢(x) | x € B} does not
vanish [19].

Let §(x) = 7, go 7, @(x); then ¥y = {@(x) | x € B} is a family
of rectifiable curves in U = =, 09T, o(U). We claim M, (‘I‘ ) > 0.
To see this observe first that by 2.5, 1. 4 1.6, and the absolute continuity
of m, yom, . With respect to the Lebesgue measure (see [14]) there is a

m—1

number L > 0 such that for every x € 1 and ¢ € I we have

(a) The local dilation of
Ty 00 Ty ot (0T, 4, 0) = @)D, d,, )

at ¢(x)(¢) does not exceed L.

(b) The Jacobian at @(x)(¢) of the map (%, o7,
respect to the Lebesgue measure does not exceed L.

Let p: U — [0, oc) be a Borel function such that f VP2 1 for every
x € B. Define p = pom,, 4o v ~ > then (a) shows f )p > 1/L for every
X € B and consequently [, pm > L""Mm(‘I‘ ). On the other hand, (b)
implies [, p" < L [z7", ie., [P~ > L_m'le(‘I’B). Since P was
arbitrary, this means M, (¥;) > 0 as claimed. '

Let A' be the 1-dimensional Hausdorffzmeasure in (U, dy o) and let

= {# € U | dQ@) is recurrent}. Then U\A is a set of measure
zero, and hence the m-dimensional modulus of the path family ¥ =
{p(x)| x e I"™", A1 (@(x)(I)\4) > 0} vanishes (see [19]). Since M, (F)
> 0 for every open subset B of I”"', this means that B = {x €

1 9(x) ¢ ¥} isdensein I™ .

Now 3.3 shows that @(x) is tangent almost everywhere to E,, for every
X € B, hence by continuity and absolute continuity it is contained in a
leaf of §, . Since B is dense in I™"! and the leaves of g, are locally
closed, this implies that every curve @(x) (x € B) is contained in a leaf
of ¥, ; in particular, this is true for (0) =n, jox q.e.d.

1. T - U with

00)

w,0 'u,oo¢‘
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Assume dimE, = p. Since O and the distribution E_ are I-invari-
ant, 4.2 shows that the foliations §, (v € Q) induce a I'-invariant p-
dimensional foliation § on &M . Here the leaf of § containing & consists
ofall {e 8M for which there is v € Q and a curve g on 6, 1(O) which
is contained in a leaf of ¥, and such that the projection of ¢ into oM
joins & to {. For / € N denote by C' the cube x=(,-,x)€
R ||x| <1} in R

Corollary 4.3, Every leaf of § is everywhere dense in oM .

Proof. Assume that there is an open subset U of M and aleaf F of
§ which does not meet U. Choose & € F; by the definition of § there
is a homeomorphism o of an open neighborhood A4 of ¢ in 8ﬂ\U
onto C™ such that o ' (C? x {»}) is contained in a leaf of F for every
y € C™7? | In particular, every leaf of § through a point of 4 meets the
topological boundary 84 of 4.

Let v € Q be such that 7, 18 the axis of an isometry ¥ € I' and
that, moreover, 7,(c0) € 4, and 7, (~oc) € U. Now ¥ acts as a home-
omorphism on oM leaving ¥ invariant; moreover, there is k € Z such
that Y04 c U. But this means that every leaf of § through a point
of ¥¥4 > A meets U ; in particular, this is true for F, a contradiction
which shows the claim.

Corollary 44. dim E‘m =m, l.e, § is the trivial foliation.

Proof Assume to the contrary that dimE, = p < m. Let v € Q
be such that », is the axis of an isometry ¥ € I'. There is an open
neighborhood 4 of ¢ =y, (c0) in M and a homeomorphism o of 4
onto C™ such that forevery y € C™” theset o~ ' (C”x{y}) is contained
in a leaf of F. Similarly we can find a homeomorphism £ of an open
neighborhood B of { =y, (-o0) in oM with according properties. «
and B may be chosen in such a way that «a(¢) = ({) = 0. Moreover,
by the arguments in the proof of 4.3 we may assume AU B = &M and
YBeB.

Since o~ (C”x{0}) is homeomorphicto C” (p > 1), the complement
of & in ™ '(C” x {0}) has at most two components F,F,. F|,F, are
subsets of the leaf F of § through ¢ which is invariant under ¥. Let
OF, (i =1, 2) be the intersection of the closure of F, with oM \4. 9F,
is a connected subset of BN F and hence there is y, € C"? such that
G,=F,U B HC? x {»;}) is a connected subset of F .

Since the image of F, under ¥~! s a connected component of F\¢nN
¥4 c 4, we have lI’_IF1 CF, for j =1 or j =2, thus replacing ¥
by w2 if necessary we may assume ‘P'IF,. CF,.
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Suppose y, # O; then there is & > O such that 8~'(C? x hHn
¥*B — &. Now 61. = Gi\‘I’_kF,. is a connected subset of F, and hence
w* (~?,. is a connected subset of F N B containing 0F;. But this means
pk (~;z. - ﬂ_l(C” % {y;}), in contradiction to the choice of k. Thus y, =
0 for i = 1,2, and consequently a~'(C? x {0}) U B~ (C? x {0}) is a
leaf of § which is closed in &M . This contradicts 4.3 and shows the
corollary. gq.e.d.

Since by 4.4, Em is a smooth distribution on € which equals the
tangent bundle of the strong unstable foliation, we have

Corollary 4.5. The strong unstable foliation is smooth on Q.

5. The Carnot-Carathéodory metric induced by E

In §4 we showed that for v € Q the distribution E, on 6, '(0) gener-
ates the whole tangent space of the horosphere. Thus we can consider the
Carnot-Carathéodory metric J, on 6, '(0) which is induced by E,. Let

1, be the length-pseudo metric on dM — y,(—o0) induced by 7, .

Lemma 5.1. If W (v) C Q, then [,<6,0 m, o in particular, 1 isa
distance on M — P, (—00).

Proof. Since 4, is a complete length metric on PW™(v) (see [7]),
the distance between any two points x,y € PW*™(v) can be realized
by a minimizing geodesic. Let ¢: [0, p] — PW*™(v) be such a geodesic
parametrized by arc length. Then J,(¢(s), #(s +¢)) = ¢ forall ¢ > 0,
s € [0, p—¢], hence e"'d, (¢(s), d(s +¢)) < & forall e R. This
shows #,(%, B(s), T, ,(¢(s +¢€)) < & by the definition of #,, hence

[, £8,0m, , asclaimed. qe.d.
Combining 4.5 and 1.4 we obtain

Lemma 5.2. 71; is a distance on OM — 7, (—00) for every v e T'M.

Corollary 5.3. Let v € T'M besuch that W™ (v) C Q, andlet ¢: I —
6, Y0) be a rectifiable curve which is tangent almost everywhere to E,.
Then the o,-length of ¢ coincides with the n,-length of m, _o¢.

Proof. If 9: 1 -6 1(O) is tangent almost everywhere to E, , then the
d,-length of ¢ coincides with the length of ¢ with respect to the distance
dv’0 (see [17]). Since n, > d, ;o m, o- the 7,-length of ¢ is not smaller
than its J,-length. The reverse inequality follows from 5.1 and the fact

that I, > 7, .-
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By ergodicity of the geodesic flow on T'M and the Birkhoff ergodic the-
orem thereis v € T'M and a Borelset 4 C W™ (v) of vanishing Lebesgue
measure such that for every w € W™ (v) — 4 the orbit {®'dQ(w) |t €
[0, 00)} of dQ(w) is dense in T'M. Let 4 = nv’wZU {7, (=00)}.
Then A is a measure zero set with respect to the Lebesgue measure class
on M, and for every w € T'M with n(w) € OM — A the orbit
{®' dQ(w) | t € [0, o)} is dense in 7'M . Clearly we may assume that
A is T-invariant. Let x, be the characteristic function of 4.

For v € T'M and a curve p:1 — oM — {y,(=o0)} let iv(¢) be
the 7,-length of ¢. For x,y € oM — {y,(=c0)} and & > O define
lL(x,y) =1inf{[ (p) | n,(x, ¢(0)) <&, n,(v, o(1)) <e, [,(1-2x,) =0}
and [ (x,y) = limsup,_,/ (x,y). Clearly /, is a pseudo-metric on
OM — {y,(—0)}.

Lemma 54. If W) cC Q, then l,=0,0m, .

Proof. Weshowfirst [ <§ o, - For thislet x, y € 91}'1(0) s X#EY,

v~ v
andlet ¢9: 1 — 6 1(0) be a minimizing geodesic with respect to J, joining
@(0) =x to ¢(1) =y. Then ¢ is a smooth curve which is tangent to E,
and parametrized proportional to arc length ([10]). Thus there is a smooth
section of X of E, on a neighborhood of ¢(I) in 6 1(O) of constant
norm 6 = J,(x,y) whose restriction of ¢(I) equals the tangent of ¢.
Let € > 0 and let Z be an open neighborhood of x in 8, 1(O) with the
following properties:

(i) =, % C B, (T, X5 €).
(i1) For every z € Z the integral curve ¢, of X through ¢,(0) = z
exists on [0, 1] and satisfies nv(nv’w%(l) R nv,oo(y)) <e.

The considerations in the proof of 4.2 show that the m-dimensional
modulus of the path family {¢, | z € #} does not vanish. Let x be the
characteristic function of z, (4) and let ¥ be the family of all locally

rectifiable curves w in 6, 1(0) such that fw(l —x) > 0. Since =, ((4)
is a set of vanishing Lebesgue measure, the m-dimensional modulus of
Y vanishes. But this means that there is z € % such that ¢, ¢ V. By
5.3 the 7,-length of Ty o © 9, €quals 6 = 6,(x,y), and consequently
I(r, x,7m _¥)<J by the choice of Z . Since £ > 0 was arbitrary,

e\, 00 v,00
this shows /[, < J, o 7, o, in particular /, is finite on O M — {y,(—c0)}.
To show the reverse inequality let x,y € 8M — {y,(—oc)} and let

& > 0. Then there is a curve q):[—»&ﬂ—{yv(—oo)} with 7,(x, ¢(0)) <e,
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n,(v, (1) < e, [,(1-—x) = 0 and [(p) < [(x,y)+e. Let
9 =m, 09, then g is rectifiable with respect to dv o» hence differ-
entiable almost everywhere. Moreover by the choice of A4 and 3. 1, 9 is
tangent almost everywhere to E . Thus lv(¢) equals the J -length of @
(Lemma 5.3) which shows J,(9(0), 9(1)) < [ (p) < [,(x,y)+¢. Since
e > 0 was arbitrary, this yields the lemma.

Remark. 5.4 shows in particular that / is a distance on oM —
{7,(~00)} inducing the standard topology for all v € T'M such that
W cQ.

Next we investigate the relation between the distances [, (v € T'M ).
Lemma 5.5. Let v,w e T'M and x € M — {y,(=00), 7,(=00)}.
Assume that there is 4> 0, o >0 such that n,(y, z) < An,(y, z) Sor all
¥,z € an(x, o). Then [ (y,z) <Al (y,z) forall y, z € B,U(x, o/3).

Proof lety,ze B,v(x, o/3) andlet ¢ > 0. Since n, </ ,thereisa

curve ¢: I — 8A7—{yu(—oo)} with ¢(0) € an(x, a/3)anv(y, ), o(l) e
B, (x,0/3)NB, (z,¢), I(p) < min{20/3, [ (v, z) + &} and such that
f w(l —x) = 0. Then necessarily ¢(I) C Bnu (x, o), hence the 7, -length of
¢ does not exceed Aiv((p) . Since ¢ > 0 was arbitrary, the lemma follows,

Corollary 5.6. Let v,we T'M, and x € 9M - {r,(=0), 7,,(=<)},
and let 8 be a Busemann functionat x. If 1= H(nv,o(x)) - G(nw’o(x)),
then for every & > 0 there is a neighborhood A of x in OM such that
(l—e)lv(y,z)ge’lw(y,z)§(1+s)1v(y,z).~ N

Proof. By 1.4 there is a neighborhood 4 of x in M such that
(I-¢e)n,(y,z)< e’nw(y, z) < (1+¢)n,(, z) forall y, z€ A. Choose
o > 0 such that B, (x o)UB, (x, 6)CA. By54, A =B, (x,0/3)N
B, (x,0/3) satlsﬁes the claim, ’

Lemma5.7. Letv,weT'M andlet A C 8M— ¥, (—00) be compact.
Assume that there is T € R and x € A such that =,  B,(m, x,3)CA
and d(m, (v),m, (¥)) <1 forall y € A. Then an(x,e_T)CA.

Proof. For y € B (x e” ") thereis a curve ¢: I — g, 1(‘r) of length
smaller than 1 such that ¢(0)=m, .(x) and ¢(1)=m, (). If 7, &)
¢ A, then there is a first s € 1 such that d(n, (x), m, ¢(s))=3. But
for this s we have ¢(s) € A, hence

d(nw,r(x) ’ nw,r(¢(s)) > d(nv,1(x) ’ ﬂv,1¢(5)) -

in contradiction to the choice of ¢.
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Lemma 5.8. Let v € T'M andlet A C 0M - ¥, (—00) be compact.
Then for every ¢ > 0 there is a neighborhood U of v in T 'M such that

i) A-em,»,z2)<n,y,z) <A+, 2),

(i) (1-&), v, z2) <y, z2) <A+, (¥, 2)
forall y,z€e A and weU.

Proof. Let x = y,(c0) and choose r > O such that AcC B, (x ry.
Define 7 = log1/(24r) and let B be the closure of Ty o Ba(® (=, (x) 3)
in 8M . Given ¢ € (0, 1) let p >0 be such that

o(p) <min{l/(1 —¢), 1 + ¢},

where ¢ is as in 1.3. There is an open neighborhood U of v in T "M
such that d(z,, (¥), 7, .(¥)) < p forall ye€ B and w € U (compare
the proof of Lemma 7 in [9]). Then B, (x 24ryc B forall we U by
5.5. Now 1.3 shows n,(y, z) < a(p)nv(y z) for y,z e B, (x,6r);i
particular, B, (x 3r)C B, (x,6r),and n,(¥,Z) < (p)nw(y Z) for all
y,Z€B, (x 6r) (we U) Since A4 Can(x, r), this is (i).

It follows from 5.5 that [ (y,z) < a(p)l,(y,z) forall y, z € B, (x,2r),
and that (7, Z) < 6(p)l (¥, Z) forall ¥, Z € B, (x, 2r). Thus B, (x, )
C B, (x, 2r), and this is (ii) since 4 C B, (x, 7). ’

Corollary 5.9. There is a number v > 0 such that n, = vli, for all
veT'M.

Proof. Let D C M be a compact fundamental domain for the ac-

"tion of the isometry group on M. For w e T'M |p define u(w) =
sup{r > 0|B w( 7. (00), )CBw( 7, (00), 1)} . We claim v = inf{u(w)|lw €
T'M|,} > 0.

To show this choose a sequence {v,} C TlﬂlD such that u(v;) — v.
By compactness of T'M |, we may assume that {v,} converges to v €
TMID Let x; =y, (0), x = y,(c0) and write [, =1 , =1, n, = My,
and n = 17,. Deﬁne p=sup{r>0]|B,(x,r)C B,(x 1/4)} > 0. Let
B=B (x 2). By 5.8 there is a number ’o > 0 such that for all i > i,
Q) x € Bx, pl4), |
(i) n(v, Z)/2 <m(y,z)<2n(p, z) forall y, z € B, and

i) I(y, z)/2< l,.(y, z)<2(y, z) forall y,z€B.

Let i > i;. Then #n(x,y) = 2 implies #,(x,y) > 1, hence by the
connectedness of the #,-balls this means B, (x 1) C B. Since ,(x, x;) <
p/2 < 1/4, by (i) and (iii) we have Bi( 1) DB, (x 1/2) O B;(x, 1/4)
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and in the same vein B,]i(xl., pl/d) C Bm(x , p/2) C Bn(x , #). This shows
v=pl4.

Now v is the constant which we are looking for. Let v € T 1M be arbi-
trary, x € Bﬂ—yv(—oo), e>0, t=logl/e. Let w € W*(®'v) be such
that y, (o0) = x. Clearly n,, =#,/¢, [, =1 /e. By the choice of D there
is an isometry ¥ of M such that Y(Pw)e D. Let  =d¥(w); ¥ then
induces an isometry of (8]\7 ,(—o0),n,/¢e) onto (82\7 Ya(—00) 5 M) -
By the definition of v we have B, (‘I’( ), 1) > B, (‘I’( ), v), hence
B,U(x £)D Bﬂv(x, ve), which ﬁmshes the proof. q.e. d

Again let v € Q be such that W*(v) c Q. Then d, is a Carnot-
Carathéodory metric on PW*'(v) induced by a smooth generic distribu-
tion (see [15]). Hence 6, admits at Pv a tangent cone (see [15]) which
consists of a nilpotent homogeneous Lie group 9, equipped with a left-
invariant Carnot-Carathédory metric Jm’v. (MN,,d,,,) is determined
by the property that for every r > 0 the compact balls 'El s (Pv, r) con-
verge as A — oc in the Hausdorff-sense to the closed ball of radius r in
M,, 0, ,). N, admits a one-parameter group {4 |z > 0} of automor-
phlsms wh1ch act as a group of homotheties with respect to 6, , . The
Lie algebra automorphlsm assoc1ated to A, is diagonalizable over R its
eigenvalues are ¢, 2 , , ¥ where p > 1 is the least integer such that
dim E p('v) =m. In the sequel we will mean by a homothety always an
automorphism of a nilpotent homogeneous Lie group of the above kind.

Let T C Q be the set of points which project onto a periodic point of
the geodesic flow in T 'M. For v €T thereis an isometry ¥ € I' which
acts as a translation on 7, , i.e.,, d¥®°v = @ v for some 7 >0 and all
s € R. By 4.1 we have W™ (v) c Q; thus for every integer j d¥ in-
duces an isometry of (PW*™(v), 8,) onto (PW*(®'“v), d-,) and the
transformation 7, o ¥ of PW™(v) is an isometry of (PW*™(v), d,)
onto (PW™(v), ¢’*d,) with fixed point Pv. This means that for ev-
ery r > 0 the balls Fa,,(PU , 1) and B au(Pv , ¥) are isometric; hence
(PW™(v), 8,) is isometricto (M,,d_ ,).

Fix an arbitrary v € T and define (‘Jt 0) =5, 0y, 7).

Lemma 5.10. (0M — Vw(—=00), 1) is isometric to (M, ) for every
weT'M. .

Proof. We show first the claim for w € Y. In this case (OM —
7, (—00), I ) is isometric to its tangent cone at any of its points. Let
x €M~ {rz(=00), 7,,(~00)}; it suffices to show that for every r > 0 the
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Hausdorff-distance of the compact balls of radius R in the tangent cone
at x of the metric spaces (OM — P5(—00), ) and (M - P (—00) 5 1)
vanishes (see [7]).

Let ¢ > 0; by 5.4 there is a number f > 0 and a neighborhood 4 of
x in 8M such that

() (1-e)lp(y, 2) < Bl (. 2) S (1 + )iy, 2)

forall y, z € 4. Choose 4, > 0 sufficiently large such that B, (x, r/4,)U
Bﬁlw (x,r/Ay) € A. Since (o) is invariant under rescaling of I> and
[, with the same factor, it follows sup{|AL:(y, z) — ABL,(y, 2)|ly, z €
Bﬂu (x,r)u wa (x,r)} < er forall A > A4,. But this means that for
A > A, the Hausdorff-distance of Bﬂu (x,r) and Blﬁlw (x, r) does not
exceed er. Since ¢ > 0 was arbitrary, the claim now follows from the
definition of the tangent cone.

Now let w € T'M be arbitrary, x = y,(c0) and r > 0. Since Qc
T'M is open and dense, and the periodic points of the geodesic flow in
T'M are dense, YT is dense in T'M. Thus for r,e > 0 by 5.6 there
isa v €Y suchthat (1-¢),(y,2z) <[, (y,z) <1+l (y,z) forall
y,zE€ F,u (x,r)n F,w (x, r). But this means as above that the Hausdorff-

distance of B, (x,r) and the compact ball of radius r in (M,d_) is
not larger than er. This is true for every ¢ > 0; hence these balls are
isometric. But r > 0 was arbitrary, so this is the claim.

6. The group G of 1-quasiconformal transformations in oM

Let (X, d) be a metric space. We call a distance § on X quasicon-
Jormally equivalent to d if limsup, ,q(x,e) = 1 for every x € X,
where ¢(x,¢e) = inf{f > 1| By(x,r) C B,(x,¢€) C By(x, fr) and
Bn(x ,F)CBy(x,¢) C Bn(x , B7) for some r, 7> 0}. A class of confor-
mally equivalent metrics on X is called a generalized conformal structure
on X. A homeomorphism f of X is called 1-quasiconformal if it pre-
serves the generalized conformal structure. The set of 1-quasiconformal
transformations of X has a natural group structure.

By 5.5 the distances /, (v € T 'M ) define a generalized conformal
structure on &M . Thus we can consider the group G of 1-quasiconformal
transformations on M with respect to this structure. For example, the
action of an isometry of M on OM defines an element of G. In this
section we investigate the structure of G.
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Every { € M determines a subgroup G, of the isotropy group of G

at { as follows: If we identify oM - { with (M, ), then G, is the
semidirect product of the 1-parameter group of homotheties of J_ and the
isometry group of (91, J_). This does not depend on the identification,
i.e., on the choice of the distance /, (v € W) on oM -¢.

Since the distance 6 on M is left-invariant, G, acts transitively on

oM —{ . More precisely, the following is true: J_ is defined by a subspace
L of the Lie algebra of 91 and a scalar product {( , } on L. Then every
-y € G, admits a decomposition y = y, o ¥, o y,, where y, is a left
translation in N, w, is an automorphism of N leaving L and ( , )
invariant, and y, is a homothety (see [8]). In particular, the isotropy
subgroup G;’x of GC at any point x € oM — { 1is the direct product
of a compact group zZ . and an abelian group 7T, Lo which is naturally
isomorphic to the multiplicative group of positive reals.

We want to show that G, coincides with the isotropy group of G at
{ . For this we need the following preparation:

Let we€ G, x € oM ,andlet U be an open neighborhood of x in oM
such that M — (UUyU) #@,and { € 0M — (UUyU). Then 8M —{
can be identified with (9, ), and the restriction of ¥ to U is a I-
quasiconformal homeomorphism of U C (M, d_) onto yU C (M, d,).
For y € U let Lipw(y) be the local dilation of ¥ at y with respect to
o_.

ooChoose a compact neighborhood A of x in U, and define for R <
inf{o_(y,2z) | vy € w(d),z € OM - y(U)} and y € A4, Dg(y) =
o_(v,w '0B, (w(»),R)). The map D,: A — R" is continuous.

The followinwg lemma shows that y is locally Lipschitz.

Lemma 6.1 (Pansu [17, 18.4]). Lip,(y) < R/Dg(y) forall y € A.

Compare the proof of the follgving lemma with [17, 18.5].

Lemma 6.2. For every { € M, G; is the isotropy subgroup of G at
¢.

Proof. Since G acts as a topological transformation group transitively
on OM , the isotropy groups of G at different points are mutually iso-
mgvrphic; thus it suffices to show the lemma for any particular point of
oM.

For this let Id # A € I be an isometry with axis y which is oriented in
such a way that Ay(z) = y(t +log7) for some 7> 1 and all € R. Then
the points { = y(—oo) and ¢ = y(oc0) are fixed by the restriction L of A
to OM.
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Identify as before M —{ (resp. M —¢&) with (#, 8_), with identity
at ¢ (resp. {). Denote the resulting space by (/VC , 65) (resp. (/1{f , 65))
and let {Af | t > 0} (resp. {A‘f | t > 0}) be its 1-parameter group of
homotheties. Then there is an automorphism A €Z, . (resp. A: € Z; C)
such that L=AS, od, =Alod,.

Let now ¥ € G be such that W({) = {. By 6.1 the restriction of ¥
0 (N;, d,) is locally Lipschitz, hence A-differentiable almost everywhere
[17]. Thus ¥ can be composed with suitable translations of NC in such
a way that the resulting map fixes ¢ and is A-differentiable at &.

This map can be written as a product of an element of G, . and a map
XS EC, £ = {WeG|w()=(,w(&) =& whose A-differential exists at &
and equals the identity.

For y € oM - {£,¢} and R > 0 let Bc(y, R) (resp. Bé(y, R)) be
the ball of radius R about y in (N, o) (resp. (Ng, d;)). As above let

Dr(y) =:(y, (p_lch( (¥), R)); for k >0 we then have

D,.(»)/(k7) = 8,(v, (p“L"aB (L), 1))/(k7)
=d,(L" “y,L" LBBc(L “o), 1)).

Since L_k(p(y) — {(k — 00) , we can find numbers k, >0, R;> 0 in
such a way that BBc(L_k(p(y) , 1) C Bc(é, R,) forall k > k,. Now ¢ is
A-differentiable at ¢, and its A-differential equals the identity; thus Air o

oAf/kT — Id uniformly on B,(, R,) and hence also L_ko(p‘1 oL¥ =
( DAL 007! o A /,”)( 4;%) — 1d uniformly on By(¢, R,) (recall that
A, € Z, ). But L™ y — {(k — oo) and consequently D, (y)/(kt) —
I(k = o0) or 6,(p(z), p(y)) < d,(z,p) forall y,z € OM —¢ by 6.1.
The same argument applied to (p—l then shows that ¢ is an isometry
of (N;,9;),1e., g€ Z; ;. In particular the restriction of ¢ to oM —
{&, ¢} is smooth, and the restriction of y to OM — ¢ is A-differentiable
everywhere. Thus we obtain a group homomorphism F,: GC e G
by mapping y to its A-differential at {. The kernel kerF of F, 1s a
normal closed subgroup of VART

We have to show that kerFC =1Id. Let ¢ € kerFC ; it suffices to prove
that ¢ fixes pointwise the distance sphere BBc(é , 1) of radius 1 about ¢

n (N, 9d,).

Slnce Z ¢.. and hence kerFC are compact, for every ¢ > 0 there is a
number k(e ) > 0 such that J,(x, ax) < e/(kt) forall o € ker F, and all
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k > k(e), all x € B,(&, 1/kz). For x € B,(¢, 1) we then have Lx €
B¢, 1/(kt)) and consequently éc(x, p(x)) = (kr)éc(ka, Lk;o()_c)) =
(kD)3 (L x, 45 0 &4y 0 9(x)) = (kD),(L"x, (45 0 9 0 4;)LEx) < ¢
(recall that ¢ commutes with {Af | ¢£>0}). But ¢ > 0 was arbitrary,

- which shows the required property of ¢ and finishes the proof of the
lemma.

7. The action of G on T'M

In this section we show that G acts naturally on T M . We start with
an examination of the geometry of the hyperbolic plane H of constant
curvature —1. Choose # € 8H, a Busemann function # at u, and
denote by 7, the projection onto G_I(t) along the geodesics which are
asymptotic to . For ¢ € R let d, be the induced distance on 0'1(1‘).
If x €6'(t) and y € H, then the hyperbolic distance dy(x,y) of x
and y only depends on ¢ = d,(x, n,y) and p = 6y — 6x; this number
will be denoted by r(¢, p). The function r: [0, co) x R — [0, oo) has the
following properties:

(a) r is continuous and increasing in the first variable.

(b) r(0,p)=|p| forall peR.

(c) r(e,0)<e forall e>0.

(d) r(e, p)=r(e’e, —p) forall ¢ >0 and peR.

(e) r(e, p)<rE,p)+re’(e-%),p—p) for £<e¢ and p,p eR.

(a)-(c) are obvious. To show (d) observe that d,; is symmetric, and
for x,y € H with 8(x) =t and 6(y) =t+ p we have dt+p(y, T, %) =
e’d(x, n,(y)). (e) is an immediate consequence of the triangle inequality
for d .

For every { € @M we can now define a distance d, on M as follows:
Let v e W({) and x,y e M. If 6,(x) =t and ,(y) —t = p, define
de(x,y) = r(ly,m, (%), 7, W), p). Since Iy, = e’ Iy, » by (d)
above dc is symmetric. The triangle inequality of dc follows from the
triangle inequality for /., and properties (a) and (¢) of the function r.

Remark. If W) c €, then it is easy to see that dc is the Carnot-

Carathéodory metric on M , which is induced by the distribution E ¢t Pw
— span{w , E_ (Pw)}.

Lemma 7.1. There is y > 0 such that dc(p, q) < xd(p, q) whenever
d(p,q)>1. x does not depend on {.
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Proof. Let v, w € W"({) be such that d(Pv, Pw) = 1, and assume
6,(Pw) > 0. Then d(Pv, nv,OPw) < 1, hence dv,O(Pv, nv,OPw) <
(2sinh /2)/b by [11], which by 1.2 means

7, (7,(c0), m,  (Pw)) < (2sinhb/2)/b.
It thus follows from 5.8 that l L (7p(00), T,  (Pw)) < (2sinhb/2)/(bv),
ie., d.(Pv, m, ((Pw)) < (231nhb/2)/(bu) here v > 0 is the constant
fromS 8. But 0 »(Pw) < 1, hence di(n, ((Pw), Pw) <1 and d,(Pv, Pw)
<(2 sinhb/2)/(by) +1.

For v, w € W“(C)Avlvith d(Pv, Pw) = r > 1, choose a minimizing
geodesic ¢: [0, r] — M which is parametrized by arc length and joins
é(0) = Pv to ¢(r) = Pw. The above argument yields

dy(B(s), $(s +8)) < /2
forall e € (0, 1] and s € [0, r —¢], hence d,(Pv, Pw) < x([r]+1)/2 <
xr, which is the claim. g.e.d.

Since a’C > d, 7.1 shows in particular that every isometry of a’C isa
pseudo-isometry of M (for the definition and basic properties of pseudo-
isometries sce [16] or [17]), hence admits a unique extension to a trans-
formation of 9 .

Now every v € G can be extended to a transformation Gy/ of M as
follows: Choose v € W (¢). Then there is a number A(y) > 0 such that
[(wx, wy) =Aw)l,(x,y); A(y) does not depend on the choice of v.

u .
For w € W'({) define Oy (Pw) = m,, \,, ¥, (Pw). Then ®~1s
clearly a homomorphism of G, into the group of transformations of A .

Lemma 7.2. © is an isomorphism of G, onto the subgroup Iso, of the
isometry group of a’c , Which fixes {, and the inverse of © is the restriction
mapping.

Proof. Let y € G, and ¢t = logA(y). Since for every w € wh )
the map 7, 7, . is an isometry of (0_1(0) } onto (0;1(t),
e 0wy 00)» O maps (0 '1(0), Ty o) 1sometrically into (B;I(t),
Iy o) - By the definition of 9l,l/ and d,, this means that Oy is
an isometry of dC' Consequently ®y is a pseudo-isometry of M and
admits a unique extension to aNtransformation of 8M . But the ima&g
under Oy of a geodesic ¥ in M with y(—oco) = is a geodesic 7 in M
with 7(—oc0) = { and 7(oo) = wy(oo) ; hence this extension is just ¥ .

It remains to show that GGC = Isoc, i.e., that © is surjective. Let
¥ elso, and w € wW*Y(¢). Since ©G, is transitive on M , we may assume

’wwoo
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that ¥(Pw) = Pw. Now ¥ is an isometry of d(, which fixes {. Thus

the image under ¥ of the geodesic ray y: [0, o) — M , §— nw,_s(Pw)
is a globally minimizing geodesic with respect to dc , which is contained
in the f-tubular neighborhood of [0, co) for some B > 0; in particular,
0,¥v(s) € [-s, —s+ B) forall s€]0, c0).

Let again H be the hyperbolic plane of constant curvature —1, u €
OH , and 6 be a Busemann function at u. If ¢,: [0, r] = H is ageodesic
parametrized by arc length with 8¢, (r) — 0¢,(0) = p, then the function
a(p,r): s— 0¢y,(s) = 0¢4(0) only dependson p and r. If ¢:[0, r] —
H is any curve parametrized by arc length with 6¢(r) — 6¢4(0) = p and
0o (s) —04(0) # a(p, r)(s) for some s € [0, r], then d(#(0), ¢(r)) <r.
Moreover for every 7, > 0 and s € [0, co) there is a number r, > 0,
such that |s+o(t—r,7)(s)|<e forall t< 7, and r>r,.

-This consideration and the definition of d, imply the following: If
v:[0,7] - M isa minimizing geodesic with respect to d¢ , which is
parametrized by arc length and satisfies 6, ¢(r)—6,6(0) = p, then 6 o(s)
—6,9(0) = a(p, r)(s). This applies in particular to the geodesic ¥y . Let
e>0, s€[0, 00), and choose » > 0 such that [s+a(t—r, r)(s)| < & for
all T < . Since 6, ¥y(r)+r < p and 0,¥y(s) = (6,¥7(r), r)(s), this
implies 6,¥y(s) < &€ —s, and consequently ¥ leaves y pointwise fixed.

For y € M let p(y) =limsup,_, dg(y , 7(s)) —s. Then p>46,; but
if 6,(y) = t, then d((y, ys)-s<t+1 _:w(nw’oo(y), nw’oo(P'w)) =
t+ e_slw(nw’oo(y), Ty oo(PW)) — ¢, which means p =6, . Since p is
clearly invariant under ¥, ¥ leaves the horospheres at { invariant.

Now for every y € BM { the curve s — 7, (y) is a minimizing
geodesic with respect to d, (recall d, > d) which reahzes the d,-distance
between the horospheres at {, and every geodesic with this property is
(up to reparametrization) of this form. Thus ¥ permutes the geodesics
which are asymptotic to {, i.e., ¥ commutes with the projections Ty s
(t € R). Moreover, the definition of d shows that ¥ induces an isometry
of ‘(6‘—'( 0), [Ty, ) 1€, ¥ €OG, is claimed.

Remark 7.2 shows in particular that every element of Iso¢ is uniquely
determmed by its restriction to &M . Thus if R M — M is an isometry
of (M,d) onto (M,d) for some C,CGBM with W¢ =, then ¥ is

uniquely determined by its restriction to Bﬂ
Corollary 7.3. For g € G and £ € OM there is a unique isometry
e, g) of (M d,) onto (M, d,;), whose restriction to OM equals g.
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Proof. Let J be an isometry of (ﬂ,dg) onto (117, dgc)- By 7.1, J
has an extension J to a transformation of M , and this extension is
an element of G which maps { to g({). Thus g71 € GC and hence
JO(gT") is an isometry of (M, d,) onto (]\7 , dg) , whose restriction to
OM equals g. By the above remark, ©(gJ') is unique.

Corollary 7.4. There is a natural homomorphism J of G into the group
of topological transformations of T 'M with the following properties:

(i) J is continuous, i.e., the map G x T'M - T'M, (g,v) —
(J g)(v) is continuous.
(ii) The action of JG on T'M is nansitive.
(iii) For every g € G, J(g) preserves the weak unstable foliation and
commutes with the geodesic flow.
(iv) J¥=4dY forall YeT.
(v) Forevery g € G therestrictionof J(g) to QnJ (g)_lﬁ is smooth.

Proof. For { € OM let W*() = {v | 7,(~o0) = (} be the leaf
of the weak unstable foliation defined by {. The canonical projection
maps W"({) diffeomorphically onto M ; hence for g € G we can define
J(8) by J(&)lwr ) = (Plysgr) ™ 0O, &) 0 Plysy, . Since B, gh) =
e, )0, h) J is a homomorphism of G into the group of trans-
formations of 7'M . The properties (i)-(v) follow directly from the defi-
nition of J .

8. Proof of the theorem

We continue to use the notation of §§1-7. Consider the homomorphism
J of 7.4; we want to show that J(g) preserves the fibers of T'M for every
g € G, hence decends to a transformation of M . For this we need the
following preparation:

Let v € T; then 6, (O) can naturally be identified with the nilpotent
Lie group M in such a way that the identity of M equals Pv. Denote
by n the Lie algebra of 91; with respect to this identification the derived
algebra [n, n] is a distribution on 6, ! (0) which is complementary to E, .

Lemma 8.1. [n,n] is equal to the orthogonal complement of E, in
6,'(0).

Proof. By the choice of v thereis W €T and 7 > 0 such that d¥v =
¢'v. Then m, ooV is the composition of an isometry of (M, d_) fixing
Pv and the dilation A .- in particular, 7, oY is an automorphism



GEOMETRIC CHARACTERIZATION OF LOCALLY SYMMETRIC SPACES 219

of 91 and hence preserves the distribution [n, n] (7.6 of [8]). Moreover,
[n, n] is the only Ty 0 © W-invariant distribution on 6 1(O) , which is
complementary to E, . On the other hand, by Remark 2.2 the orthogonal
complement E;L of E, in 6, 1(0) is invariant under =z, oY as well;
thus E;L =[n,n]. q.e.d.

Since Y is dense in 7'M, by continuity we obtain that the statement
of 8.1 holds for every horosphere 8, 1(0) in M. Let again v € Q, and
identify 6, 1(0) with the Lie group 0N as before.

Lemma 8.2. Let X be a left-invariant unit vector field on N~ 6, 1(O)

tangent to E, andlet y: R — 6 1(O) be a maximal integral curve of X .
Then 4 = {m, w(s)|s,t € R} is a totally geodesic embedded plane of

constant curvature —1 in M. "

Proof. Tt suffices to show that for every ¢ > 0 the geodesic y in M
joining w(0) to w(e) is contained in A. Since A is a smooth embedded
plane in M, and w(0) can be joined in 4 to ¥(¢) by a curve of length
r(e, 0), we have to show that d(y(0), w(eg)) is not smaller than r(e, 0).

Thus let ¢: I — M bea minimizing geodesic joining ¢(0) = w(0)
to ¢(1) = y(e) and let 9(r) = =, (p(¢). Then ¢ is a smooth curve
in 9 with @(0) = w(0), (1) = w(e), and can be decomposed as @(¢) =
9,(1)@,(t) , where 7'1(1) is the orthogonal projection of @'(¢) into the left-
invariant distribution E _, and ¢, is tangent to [n,n]. Then 9,(1) =

v 2
w(e) -?/72(1)_1 , and the length of @, is not smaller than

Let s(¢) = 6,(9(t)). Since §'(¢) = §,(¢) + P4(¢) is an orthogonal de-
composition, the length of ¢ is not smaller than the integral

1
/0 @0+ N 01D P ar,

which is not smaller than r(e, 0). This is the claim. g.e.d.

By continuity we obtain N

Corollary 8.3. For every v € Q and X € E(v) there is a unique totally
geodesic embedded plane of constant curvature —1 in M whose tangent
space at Pv is spanned by v and X .

Nowlet g€ G andlet H C M bea totally geodesic embedded plane
of constant curvature —1 as in 8.3. The definition of J(g) then implies
that the restriction of J(g) to the unit tangent bundle T'H of H is a
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fiber preserving isometry onto the unit tangent bundle of a totally geodesic
embedded plane H of constant curvature —1.

Now for v € T'M the tangent space at v of the fiber of the bundle
T'M over M has a natural identification with the orthogonal complement
v® of v in the tangent space of M at the foot point Pv. Under this
identification E(v) can be viewed as a subspace of the tangent space of
the fiber. Consequently the assignment v — E(v) is a smooth distribution
on Q tangent to the fibers with the following properties:

(i) For every u € M the canonical homeomorphism of P_l(u) onto
&M maps the distribution E on P_l(u) N Q onto the distribution on
&M , which is the projection of the distributions £. (Recall that the
restriction to P~ (u)N Q of the canonical homeomorphism of P~ (u) to
dM is smooth.)

(i1) For every u € M and v € P_l(u) NQ, every 0 # X € E(v) is
tangent to the unit tangent bundle of a unique totally geodesic embedded
plane of constant curvature —1 in M.

Now by (i) for every v € Q the distribution E generates the whole
tangent space at v of the fiber of T'M . Thus every point of the connected
component of v in P_I(Pv)nﬁ can be joined to v by a curve ¢ which is
tangent to E. Let g € G; if, moreover, ¢ is contained in J (g)_lﬁ , then
by (ii) and 8.3 the image under J(g) of ¢ is a differentiable curve which
is tangent to a fiber of 7'M . Since QN J(g)"'Q is open and dense in
T'M , this implies that J(g) is a bundle map forevery g € G, i.e., J(g)
projects to a homeomorphism J(g) of M. Since J(g) commutes with
the geodesic flow on T'M , J(g) maps each geodesic in M isometrically
onto a geodesic, i.e., J(g) is an isometry of M. Thus by 7.4(ii), M is
homogeneous. Since M admits a compact quotient, this is only possible
if M is symmetric, i.e., if M is locally symmetric (see [10]). This finishes
the proof of the theorem. q.e.d.
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